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Dependence of RNA secondary structure on the energy model
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We analyze a microscopic RNA model, which includes two widely used models as limiting cases; namely,
it contains terms for bond as well as for stacking energies. We numerically investigate possible changes in the
qualitative and quantitative behavior while going from one model to the other; in particular, we test whether a
transition occurs when continuously moving from one model to the other. For this we calculate various
thermodynamic quantities, at both zero temperature and finite temperatures. All calculations can be done
efficiently in polynomial time by a dynamic programming algorithm. We do not find a sign for the transition
between the models, but the critical exponemif the correlation length, describing the phase transition in all
models to an ordered low-temperature phase, seems to depend continuously on the model. Finally, we apply the
e-coupling method to study low-energy excitations. The exporgedescribing the energy scaling of the
excitations seems to depend not much on the energy model.
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I. INTRODUCTION i.e., searching for phase transitions and describing the type of

, ) , , phase involved10-13. Liu and Bundschuli8,14] recently
~ RNA plays an important role in the biochemistry of all giscussed whether native RNA is already in the regime of the
living systems[1,2]. Similar to DNA, it is a linear-chain  hermodynamic limit or finite-size effects have to be taken
mole(_:ule built from four types of _bases: i.e., adenine, into account. In this paper we numerically investigate a hy-
cytosine(C), guanine(G), and uracil(V). It does not only  yig model of two well-known energy moddle-12,15; i.e.,
transmit pure genetic |nformat|on,_ but, e.g., works as a catay pair energy modelwhere only base pairs are considered
lyst. While for the former the primary structure—i.e., the regardless of their neighborhood, andstacking energy
sequence of bases—is relevant, for the latter kind of highersgde| where only consecutive paired bases—i.e., forming a
order structures—i.e., secondary and tertiary structures—i&ack_give an energy contribution. It has been claimed that
relevant. _ _ the stacking energy is more relevant than just the pair energy

Like in the double helix of DNA, in RNA complementary i, yea] RNA[16]. Our model contains terms foothtypes of

bases can build hydrogen bonds between each other. Cofyeractions and allows one to move continuously from one
pared to DNA, where the bonds are built between two dif-yqdel to the other. We are interested in whether the two
ferent strands, RNA builds bonds between bases of the Saniéniting models are qualitatively different—in particular,

RNA strand. The information, which bases of the strand argynether a phase transition occurs, when moving from one
paired, gives the secondary structure, and the spatial strugiggel to the other.
ture is called the tertiary structure. The tertiary structure is e paper is organized as follows. In Sec. I, we define
stabilized by a much weaker interaction than the secondary,, model; i.e., we formally define secondary structures and
structure. This leads to a separation of energy scales betweghroduce our energy model. In Sec. Il B, we explain how to
secondary and tertiary structures, and gives justification t@gculate the partition function with a dynamic programming
neglect the lattef3]. Therefore we deal here with the sec- gigorithm. In Sec. III, we introduce the observables which
ondary structure only. . _we investigate in the following Sec. IV. While in Secs. IV B
One crucial point in calculating the secondary structure iS;ng v C we do finite-temperature calculations, in Sec. IV D

the energy model used: On the one hanq, if one aims to g&{e se thes-coupling method at zero temperature.
minimum structures close to the experimentally observed

one, one uses energy models that take into account structure
elements[4—7]—e.g., hairpin loops. On the other hand, if
one is interested in the qualitative behavior, one uses models Because RNA molecules are linear chains of bases, they
as simple as possible that keep the general behavior—e.gan be described as(guenchedl sequenceR =(r;);-; , of
only one kind of bas¢8] or using energies depending only pasesr, e {A,C,G, U}, whereL is the length of the se-
on the number and on the type of paired bgsed 2. Here g ence. Within this single-stranded molecule some bases can
we will consider only models with the latter kind of interac- yair and build a secondary structure. Typically Watson-Crick
tion energy. In recent years several authors _exammgd thigase pairs—i.e., A-U and C-G—have the strongest affinity to
kind of model with regard to the thermodynamic behavior—each other; they are also called complementary base pairs.
Each base can be paired at most once. For a given sequence
R of bases the secondary structure can be described by a set
*Electronic address: burghard@theorie.physik.uni-goettingen.deS of pairs(i,j) (with the convention ¥i<j=<L), meaning
"Electronic address: hartmann@theorie.physik.uni-goettingen.dethat bases; andr; are paired. For convenience of notation
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we further define a matrixS j); =1, | with §;=1 if (i,j) Eyp
e S and§ ;=0 otherwise. Two restriction are used: Here | @ |- v |+Z| ar v [kEins i)
we exclude so-callegpseudoknotswhich means, for any : . :

(i,)), (iI",j") eS8, eitheri<j<i’<j" or i<i’<j'<j must

hold; i.e., we follow the notion of pseudoknots being more Ey
an element of the tertiary structuf6). | (.9 |: | (15— 1) |+ Z| (i,k—1) |k|(k +1,5— 1)|j|
(ii) Between two paired bases a minimum distance is re- k E, 4+ E
quired: |[j—i|=s is required, granting some flexibility of the [ B |
molecule(heres=2). + G+1,5-1) Il
A. Energy models FIG. 1. Schematical explanation of EqS) and(6); e.g., white

Every secondary structut® is assigned a certain energy boxes represer#f, gray boxesZ.
E(S); note that this energy in general depends on%has
well, so it is more precise to writB(S,R), but we assume interested in varying the parameters and studying whether
that the structure also includes the information about the sehe models are qualitatively different. Here we use
quence. With such an energy model it is possible to calculate _
o) = {Ep if r andr’ are complementary bases,

+ o otherwise,

the canonical partition functio# of a given sequenc® by
summing over all possible structur@s> e 5 but it is

computationally more efficient to compute it by using the ()
partition functions of the subsequences—i.e., by a dynamic
programming approach. with a pair energye, <0 independent of the kind of bases.

Motivated by the observation that the secondary structure Due to the simple structure of the energy model—e.g., the
is due to building of numerous base pairs where every pair oénergies depend not on the position of the bases within the
bases is bound by hydrogen bonds, one assigns each paiquence or whether the paired bases include some structure
(i,]) a certain energg(r;,r;) depending only on the kind of elements like hairpins—the ground state is highly degener-

bases. The total energy is the sum over all pairs, ated[12,13.
EfS) = X elrr); (1) B. Calculating the partition function
(ij)eS

Due to the fact that pseudoknots are excluded from our
e.g., by choosing(r,r’)=+c for noncomplementary bases model(see Sec. Il A the calculation of the partition func-
r, r’ pairings of this kind are suppressed. tion can be done recursively. The algorithm is similar to that
Another possible model is to assign an engigyo a pair  of Nussinovet al.[19,20. The algorithms calculate the ele-
(i,j) eSiffalso(i+1,j-1) e S. Thisstacking energgan be  ments of two upper-triangular matrice&, ;);=i<j<, and
motivated by the fact that a single pairing gives some gain irﬂ(z‘j)lgigjgb wherez, is the partition function of the sub-

the binding energy, but also reduces the entropy of the mol: . I,
ecule, because through this additional binding it loses Somgequence from basgto r; under the bAoundary condition that

flexibility. Formally the total energy of a structure can be P8S€Si-1 andrj., are not paired, and;; the partition func-
written as tion under the boundary condition that basgg andrj,, be

complementaryfziyj is only used as an auxiliary matrix. Then
E(S) = E ES+1j-1, ) Z;; can be computed from the partition functicheind Z of
(Lhes smaller subsequences in the following wagmember thas
assuming that for every pai,j) € S the bases; andr; are ~ denotes the minimum distance between two bases of & pair

complementary bases. The total numheof consecutive jos-1
base pairs is called thstacking sizeSingle base pairs are not Z.=Z .+ Sz ) 1e—e(rk,rj)/kBT2k L
considered as stacks; therefore; 2 for any stack. Ll T

Both types of energy models are discussed in the literature
[9-12,15, but to our knowledge, only Miilleet al. [17,18 5 —7 el EI Ty
have discussed a model with both stacking and pair energy ij T AL i+1,j-1
contributions. However, the above authors do not discuss the j=s1 R
dependence of their results on the energy paraméigand + D Zijege etz
E.. Instead they use a fixed set of parameters to study the k=i+l
unzipping behavior of RNA, which is in the focus of their
work. Here, we examine the sum of both models—stacking z, =7 (=1 fori=]j,
energy and pair energy: ' '

E(S) := Ex(S) +E«S), ) Z,;=0 for0<j-i<s-2, (5)

where the parameteis; ande(r,r’) can be adjusted freely, which is schematically explained in Fig. 1. Because both
including both models discussed above. In particular we arenatrices depend on each other, they must be calculated si-
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multaneously, starting along the diagonal and continuing Ill. OBSERVABLES
along the off diagonals. The calculation of the partition func-

i P .
tion can be done iO(L") steps, wheré is the length of the After calculating the partition functio# for a given ran-

sequence. The partition funptitﬂwof the entire sequence is 4o, sequence, we want to measure some quantities to com-
Zy ), but also the other matrix elements are useful for generz . . the members of the ensemble. In principle most quanti-

ating ensembles of structures according to the Boltzmanﬁes could be calculated by a similar dynamic programming

dlstrlb_utl_on (see S_ec. Il algorithm introduced above; e.g., the calculation of quanti-
A similar algorithm can be used to calculate the ground-. : o i, . .
i ties which are derivatives of the partition function with re-
state energy: .
spect to temperature, external fields, etc., can also be calcu-
. i=s-1 ~ lated withO(L®) effort; this can be easily seen from E§).
Nij = min{N; -1 T:Iin[Ni'k‘1+e(rk’rj)]+ Nie1,-2} For other quantities—e.g., the distribution of the overlaps
P(g), which we we study here—the running time behavior
would be of higher ordetthan thregin the sequence length
[9]. For this reason we use a different method, where an
ensemblef of structures is generated due to its Boltzmann
weight. The procedure to build a sequence is essentially a
backtracking algorithm: Starting with the entire sequence a
partner for an outermost base—e.g., baseis chosen with
the appropriate probability—e.g., bake-after this the pro-
R o cedure is applied to the subsequencesHK-tth andk+1 toL.
Njj=+o forO<j-i<s-2. (6)  if paseL is chosen not to be paired at all, one uses the

In comparison to Eq(5) additions are replaced by min op- Sequence shortened by baseConsidering a subsequence

erations, multiplications by additions, and the exponential§rom basek to |, the probabilityp; j, that bases andj (k
of the energies by the energies themselves. <i<j=lI) are paired is given by

Ni,j = min{Ni’j_l,e(ri,rJ‘) + ES+ Ni+1,j—1!
j=s-1

min[N; -1 + €N, ) + Nieq j-1l},
k=i+1

Ni,j:Ni,j:O fOfi?j,

Z;llzki_1e'(e(rkv’j)+E0)/kBT2j+1| based - 1 andj + 1 paired, -
Pijki=) - ' . . . 7
! z;llzki_le—e(rk,rQ/kBszm bases — 1 andj + 1 unpaired.

For each member of this ensemil¢he quantity of inter-  overlap definition that is normalized; however, this similarity
est X is calculated and the averadgX)=(1/|£))=sX(S) is measurement has the drawback that the fewer bases that are
used as an approximation to the expectation value of thgaired, the more two structures become similar. We further
Gibbs-Boltzmann ensemble; for large enough ensemfiles remark that for any two structuret S’ the Cauchy-Schwarz
this average approaches the true expectation value. In Sevequality [q(S,S)°<q(S,S)q(S’,S’) holds. With this
IV all finite-temperature observables are calculated by amuantity g two ensembleg and&' can be compared—e.g.,

ensemble generated according to E3). looking at the distribution of(S,S’) of all Se &,8" € ¢&'.

A simple observable is the energyand its fluctuations The ensemble averagés in general depend on the cho-
(AE)?, the latter is directly connected with the specific heatsen sequence; therefore, a further averaging over several
cy=(AE)?/LkgT? (random) sequences is required. This sequence average is

Of particular importance is the overlagp between two denoted byf-]. We again approximate this average by sum-
structuresS and S’, ming over a finite set of sequences.

Because of this two stage averaging, it is probably pref-
98,8 = % D S’jsflj, ®) erab]e insteaq of looking &{q)] directly to use functions of
1<i<j<L the first and higher moments gf¥—e.g., the Binder cumulant

[21—-23, which is defined by
which is the number of bases paired to the same base in both

structures normalized such thaties always between 0 and 1 (g™

1. This is a measure of how similar two structures are. Note, = _ 1 (9)
th this definit 2\" 1)

however, that with this definition the overlap of one structure

with itself is q(S,S5) <1 unless all bases are paired, where it
is equal to 1. A definition ofj where also bases unpaired in where(q") is either the average over all pairs of one en-
both structures are counted is used[®&], resulting in an semble,
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1
Q= 2 (S8, (10)
Clelde -5,
S#S' 32

or the average over all pairs of two ensembles,

()

1
qg,s’ = g||5/| E qn(S!S,)' (11)
Se&s' el g u L=1024
4 L=768
The ensembleg and &£’ are finite collections of structures 28 M |
belonging to the same sequence—e.g., generated accordin oL=128
to Eq. (7). Note, however, that in general the probabilities
pijx1 Will be different—e.g., different temperaturd@sor en- e od oz o

ergy parametefE,, Eg). The latter choic¢Eq. (11)] is appro- E=E-1

priate when one is looking for a change in the behavior of

the models when one varies the parameters in comparison to FIG. 2. Average stacking size as a function of energy parameter

a reference model, while the formgEqg. (10)] is the better E, for different system size¢T=0). At E;=—-1—i.e., E;=0 and

choice, if an external parameter—e.g., the temperature—i6,=0—the curves are discontinuous. Missing error bars are of the

varied. size of the symbols or smaller and omitted for legibility. Calculated
Qe is a measure of how similar the structures within en-data points are indicated by symbols. Lines are drawn to guide the

semble are, whileqg ¢ gives in addition a measure how €Y€-

many structures both ensembles have in common. Typically,

e.g., in spin-glass studies, one examines the self-ovegap IV. NUMERICAL RESULTS

but we bel!eye that the cross oyerlqgg/ IS more sensitive In order to find some possible differences in the behavior

for determining a parameter driven phase transition Wthf‘b

X : X of the energy model, Eq3), for different parametergy, E,
mlght occur in our case and therefore examine both quantiy¢ introduced in Eqg4) and (2), respectively, we numeri-
ties.

he Bind | ish hiah cally calculated the quantities mentioned in Sec. Il above. In
The Binder cumulanB vanishes at high temperatures, 5, o+ examples we averaged over randomly generated se-

while for low t.em'pe.ratures it approaches a finite value in thequencesR:(ri), where the probability for a specific base
the;mgg]}{g&:mlﬁ;l:t}lg._ﬁrst introduced if24]—has been at positioni is %1 for all base types independent of the other
q Y bases.;. The size of the sequence varied frirm 128 up to

used in[12]: L=1024; for the disorder average 2000, up to 6000 random
D] - Dxel? sequences were used. Pairing of bases is only allowed for
A:= R—z (12 complementary bases and the minimum distance between
[xr] two bases was chosen ss2.
where In Secs. IV A and IV B, we vary continuously the energy

parameters between the two extreme cags0,Es=-1)
xr = LG - (q)?) (13  and(E,=-1,Es=0). In Sec. IV A we shortly discuss the av-
. ) S ) erages of the stacking sizend of theq for different energy
is the variance of the distribution. This parametek mea- parameters. In Sec. IV B we examine the cross oveglags
sures how the probability distribution mfvarigs _from se- Eee Eq.(11)] between a reference ensemisfé’ generéted
quence to sequence. A value close to zero indicates a self; fixed energy parameters and ensembles generated for dif-
averaging behaw_or. A similar physical content is representeg,ant energy parameters. In the following Sec. IV C we look
by another quantity introduced [i25]; at the temperature variation of various quantities without us-
O] - Dee? ing any reference ensemble to estimate some critical param-
=— XR 4XR 5. (14)  eters. In the last Sec. IV D we apply tlecoupling method
[LX(a = @) - [x=] at T=0 to determine the critical exponefitdescribing the

The general strategy to find a phase transition with respect ttc))ehawor of low-lying excitations.

the energy parameters is to examine various quantities—e.g.,
the above introduced, B, G—to find any of this indicating

a phase transition. It is quite possible that one quantity shows In Sec. Il A, where we introduced the energy model, we
a phase transition, while the others do not; see e.g., the ompposed the pair energy to the stacking energy model. In Fig.
going discussion on whether Heisenberg spin glasses exhilfit we show the average sizeof a stacking as a function of
just chiral ordering without traditional spin-glass order the energy parametet, at temperaturefl=0. We keepE,
[26—29 or both [30,31, where the first group of authors +E,=-1 constant to fix the overall energy scale. For all fixed
argues that the “right” observable shows a phase transitiosnergy parameters the average stacking tsimereases with
while others might show no sign at all. increasing system size, which is expected as with increasing

A. Basic observables
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0.8 1
F = L=l(lZ4 0.981
<4 L=768
O L=512
o [=256
_ oL=128 Y
06 o3 $ = . — @096
10—
~ L=1024
06 g 276
L E 5+ 0.94 o o L=512 -
o L=256
O L=128
(i.471 .99 1]
L | L | 0.92 L | . | | L |
047 08 06 . 0 2] 08 06 0.4 02 0
E =E.\'_1 E =ES—1

P 4

FIG. 3. Average overlag as a function of the energy param- FIG. 4. The Binder cumularB of Eq. (9) with g=q. [see Eq.
eter E, for different system sizes at=0. The local minima aE, (10)] at temperaturd=0. The curves for different system sizes do
=-0.75,-0.5,-0.25 are due to the commensurabilitEgaind Eg not cross, and therefol® gives no hint of a phase transition. Miss-
and indicate a broad distribution of the ground states in configuraing error bars are of the size of the symbols or smaller and omitted
tion space. The left inset is an enlargement to show the discontindor legibility. Calculated data points are indicated by symbols. Lines
ity. The right inset is the distribution forEs=E,=-0.5(solid lineg are drawn to guide the eye.

and Es=-0.49, E,=-0.51 (dashed linesfor sequence lengthk ) ) )
=512 (thin lineg and L=1024(thick lines. energyE,, we examined the behavior of the Binder cumulant

depending on these two energy parameters and the sequence
gength L. Second-order phase transitions are characterized by

ossing of the Binder cumulant for different system sizes at
the transition point. We examined two slightly different
Binder cumulants in the hope that—in the sense of the dis-
§ussion at the end of Sec. Ill—at least one of them shows
such a crossing.

In Fig. 4 the Binder cumulant, Eq9), is shown afT=0
blsing the “self-overlap,” Eq(10). Again, the energy param-
eterskE, andE are varied such that always +Es=-1 holds.

The value ofB increases with increasing system size Egr

i.e., the curves do not cross each other and therefore give no
evidence of a phase transition. The local minima are—as the
minima in Fig. 3—due to the commensurability of the energy
parameters, and Eg.

length the probability for longer stacks increases. Also a
expected is the overall increase in the average stacking si
with the energy parametdt,, because the stacking energy
prefers to build stacks. The large increasd wofhile chang-
ing Eg from a zero to a nonzero value can be explained a
follows: The ground state fdE,=-1.0,Es=0.0 is highly de-
generated, while changing to a nonzé&iponly those states
stay ground states which have a high stacking contribution t
the energy. This selection increases the averadef&imi-
lar argument applies at the other end, whggehanges from
a nonzero value to zero.

Similarly the overlapq jumps to a larger value when
changing fromE,=0 to a nonzero valugFrig. ). In addition,
at positions wheré,/ E; are fractions with small numerator
and denominator—e.g% or %—for this energy parameter 1 . I . | . ,
the ground states in configuration space are more broadly
distributed than for slightly different parameters. This can be
seen in the right inset of Fig. 3, where thedistribution in
the symmetric cas¢Es=E,=-0.5 is broader than in the 0.9
slightly asymmetric caséE;=-0.49 E,=-0.51. The width
of this minimum in the main plot, as well as that in Figs. 4
and 5, is belonAE=0.001, as one can estimate from the left mog’
inset of Fig. 3. TR

For both the average stacking size and the average over 5Ll B
lap, the behavior changes smoothly when moving from one oL=si2
model to the other, with the exception of the highly degen- 7k - or=128 _
erate points, where we can observe the jumps in the overlaf :
g. Hence, there is no sign of a transition in between the two I I I
extremal models. To confirm this, we next study the Binder 08 'O'6E :E_1'0‘4 02 0
cumulant. v

FIG. 5. The Binder cumular® of Eq. (9) with q=q¢ ¢ [see Eq.
(12)] at temperaturd =0. Missing error bars are of the size of the

Since we introduced in Eq3) a whole class of energy symbols or smaller and omitted for legibility. Calculated data points
models depending on the pair enerBy and the stacking are indicated by symbols. Lines are drawn to guide the eye.

B. Binder cumulant
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FIG. 6. Specific heaty as a function of temperature for param- FIG. 7. The position of the maxima ¢f for different energy
etersEs=-1.0 andE,=0.0. The curves for different system sizes parameter. The curves are fitted to the fofgiL)=T,+aL™'"” and
crosses al ~0.25 andT=0.11. The inset is an enlargement of the gives the critical parameters of Table I.
main plot. Missing error bars are of the size of the symbols or
smaller and omitted_for legibility. Calcula_ted data points are indi- gter pair(Es=0,E,=-1) is clearly different from that of the
cated by symbols. Lines are drawn to guide the eye. parameter paifEs=-1,E,=0), showing that the quantitative

behavior changes when varying from one limiting case to the

Further we used a reference ensemble generated for egther. On the other hand, for the intermediate parameter set
ergy parameter&,=Es=-0.5 and used the “cross overlap” the critical exponent is consistent with both within the error
of Eq. (11). First, the values oB at E,=E;=-0.5 coincide range.
with the values shown in Fig. 4. Similar to the observation |n Fig. 8 we present the parame®@rof Eq. (14) for the
above B roughly increases with the system size, although theenergy  parameters(E, E))=(0,-1), (-0.5,-0.5, and
separation of the curves is not as clear as in Fig. 4, especialy-1,0). As known for other spin-glass-like moddI25] the
in the range fronk,=-0.4 toE,=0.0, where the curves co- yajye ofG approaches zero with increasing temperature. The
incide within the error bars. To summarize, the dependencgp e authors find a limiting value éffor decreasing tem-

of the Binder cumulant on the energy parameters does NQferature, which has been shown to be the exact result under

indicate a phase transition. some more restricted conditiofid2]. For two of our energy
parameters(Eg,E;)=(0,-1) and (-0.5,-0.5, the data are
C. Temperature dependence of the energy models compatible with the same limiting value, while in the third

Another possible method to discriminate between the dif_case, which has the lowest critical temperai{Tigble ), it is
ot clear whether the values approaicbr not.

ferent ener arameters is to examine the temperature d8°t¢ .
gy p b Finally, we also foundnot shown that the behavior oA

endence of some quantities, especially the behavior at L . . . )
P K P y gf Eq. (12) is in agreement with this observation and with the

critical temperature. In Ref12] it was shown for a similar
model that below a critical temperature, almost all sequencersesu.ltS for a two-Iette_r RNA modeﬂl_lz]._ Fo_r all thr_ee cases
tudied here, the width of thg distribution varies only

fold to a compact structure, but for most sequences not into 4. o - .
P q slightly from realization to realization at high temperatures,

single structure. They point out that this kind of low- hile for low t ¢ th i ina behavior di
temperature behavior is well known from spin glass and"/n!i€ for low temperatures he self-averaging behavior dis-

other disordered systems. In Fig. 6 we plotted the specifi@ppears'
heat for different system sizes as a function of temperature D. e-coupling method

for Es=—1.0 andE,=0.0. All curves cross each other close to ) )
T=0.11 andT=0.25, which is evidence for a phase transition Freviously thes-coupling methochas been usefll1,33

at this temperature region. The data for other energy parani? investigate low-energy excitations of RNA secondary
eters(Es, Ep) look similar, but the curves cross at different

temperatures. TABLE I. Critical parameter of g¢z maximum fit. Comparing

To determine the critical behavior quantitatively we inves—the two limiting Cases(ES’ Ep)=(-1, .O) gnd (Es, Ep)=_(0 '._l) the
parameters andT, are different and indicate a quantitative change.

tigated the WldthXR. of the overlap distribution. We found The last column belongs to thecoupling method in Sec. IV D.
that for all examined energy parameters and sequence

lengthsyx as a function of temperature has a maximum. We

. . SN E del 19 T, 0
show this maximum position in Fig. 7. We assume that the nergy mode c
maximum position follows the forri,(L)=T.+aL™""” and fit Es=0 Ep=-1 0.9315) 0.0843) 0.22939)
the data to this form to get the critical parametésse Fig. Es=-0.5 E,=-0.5 0.7036) 0.1097) 0.23750)
7). The results for three different pairs of energy parameterg —_; E,=0 0.3617) 0.12521)  0.19467)

are shown in Table I. The critical exponenfor the param-
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FIG. 9. e-coupling results fores=—0.5, E,=—-0.5. The energy
differenceAE(S) between the original ground-state structSgeand
dhe ground-state structut®, of the disturbed model is plotted as a
function of the distance between this structures. The inset is a
scaled plot of the data wite <1 of the main plot(6=0.24; see
Table ). Missing error bars are of the size of the symbols or smaller

o . and omitted for legibility. Calculated data points are indicated by
structures. The basic idea is to add another term to the energymngis. Lines are drawn to guide the eye.

model in Eq.(3), which depends on the ground state of the
original problem: Assumes, is the unique ground state of
E(S); then, a new energy function is defined as

FIG. 8. The parametds [Eq. (14)] as a function of temperature
for different energy parametet&s, Ep)=(0,-1), (-0.5,-0.5, and
(-1,0. For low temperatures the first two cases approach the th
oretical expected vaIuG(T—>O):%, while in the third case—the
one with the lowest critical temperature—this is not clear.

Fig. 9. The scaling parameters leading to the best data
collapse for different energy parameters are shown in the
rightmost column of Table I. They are equal within the error
margins and thus do not give us a further hint of a quantita-
with ¢ >0. The additional term penalizes structures similarg\i/fﬁcﬂrtf{eefr;:‘ b;g%'og fgégéﬁggﬂtnzn;[%:aggg eitr:artsﬁeTgese
to So, where £q(S,Sp) is largest fors=5p. In general the model were already pointed oft1]. However, for a differ-
ground states, .Of the new energy modé, W'I.I be d_|fferent ent model using a scaling function with finite-size correc-
from S. The differenceAE(e) = E(S;) ~E(Sy) is an increas- o007 critical exponeny=0.23+0.05 was obtainefB3]
ing function ofe andAE(e) <& holds. The latter implies that which is close to our findings ’
S, is for small enougle a low-lying excitation of the origi- '
nal energy model and has the smallest overlap With

The average distancd(e,L):=1-q(S,,S,) between the V. SUMMARY

new and old ground states scalesds,L)eL™", & con- We have introduced a RNA secondary structure model
stant, while the average energy difference scales aghich continuously interpolates between two well-known
AE(d, L)L’ d constant, with the critical exponents For  models incorporating both bond and stacking energies. The
details see Ref§11,33. model does not allow for pseudoknots; nor does it take dif-
The assumption of a unique ground state used above do@srent entropic terms for different structural elements into
not hold for our model used so far: in general the groundaccount. The simplicity of the model enables us to present a
state is highly degenerated because only two energy pararecursive formula for the partition function, which allows a
eters(Es andE) are used and many structures will have thefast exact evaluation for each realization of the disorder.
same energy. The degeneracy of the ground state renders thewe sought an answer to the question whether there is a
e-coupling method as described above almost useless. Singgalitative difference between the behavior induced by either
in natural RNA the contributions to the energy are morephond or stacking energies. In particular we are interested
complex, different structure will never be degenerated. Thisyhether there is any phase transition of the thermodynamic
justifies to change the energy model slightly by adding ayehavior when moving continuously from the pure bond to
random energyy, ; to the pair energies introduced in H3):  the pure stacking model. The way we look at the model to
e(rj,ry)—e(r;,r)+q;. There are several possibilities to find such a transition is to consider it as a statistical mechan-
choose the distributions of theg's (see[11]); here, we use ics model exhibiting quenched disorder through the se-
identical, independently distributed Gaussian random numguences. We measure typical quantities like distributions of
bers with zero mear7)=0 and variancg7?)=73/L with  overlaps and derived quantities which are based on higher
170=0.1 (the quasidegenerat®D) model in Ref.[11]). moments of these distributions. It was known already that
The raw result for different values af € [0.01,10Q is  the pure bond-energy model exhibits at low temperatures a
shown in Fig. 9. A scaling plot of the data fer<1 accord- complex ground-state landscape and has some features with
ing the scaling formAEL’=f(d) is shown in the inset of spin glasses in common. In particular, this phase exhibits a

E.(S) =E(S) +£q(S,50), (15
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lack of self-averaging for the distribution of overlaps. To simplicity of our model, since it does not allow for
search for a transition, we considered both zero as well agseudoknots; nor does it give different entropic weights to
finite temperatures. different structural elements like hairpins, bulges, etc. When
Zero-temperature results give no evidence for aincluding entropic contributions, we do not expect a funda-
parameter-driven phase transition apart from trivialmental change in behavior, because this approach changes
crossovers—e.g., discontinuities oét points withEs=0 or  gnly the relative weights given to the different structural el-
Ep=0. The curves of the Binder cumulant do not cross at anyyments. On the other hand, the inclusion of pseudoknots
point, which would be an indication of a phase transition.might really have a strong qualitative effect. Unfortunately,

Similar, the critical exponent derived from thes-coupling 6 case of pseudoknots has a much higher computational
method seems to be independent of the energy parani&lers ., \e.ivy Hence, only small systems can be studied. Nev-
3%%59’36;”% E[T\Zr?ﬁ%rrfn(g)glyer?ag?ce[;/rlg[?enr(;ieesfogit %l;agttggév?@rtheless, preliminary resulf84] indicate that the presence

L " Lo .. of pseudoknots makes no strong difference in the low-
[.11]’ the determmanon of the critical exponent Is rather dlf_temF:)erature behavior, at least forgtJhe case where only bond
ficult in the quasidegenerated case studied here. anergies are consider’ed y

Hence, at low temperatures a somehow complex ordere TR .
As a last point, it might be worthwhile not to use random

phase, with many similarities to spin glasses, is present for

all parameter combinations in our model. However, theS€duénces but sequences which show up in biological

finite-temperature results show a quantitative dependence giystems—e.g., such as nbozymes: These Sp‘?c‘a' selected se-
the energy parameters, when studying the transition from thguences .mlght have some special properties random se-
high-temperature phase to the low-temperature ordere§t/¢"nces In gen_eral_do not have, e.g., a unigue groun_d state,
phase, at fixed values for the energy parameters. The criticdyhich in turn might influence the quantities discussed in this
exponentv for the correlation length seems to depend on the*@Pe":
energy model and may vary continuously while going from
one Iimitipg model to the other. o . ACKNOWLEDGMENTS

Wrapping up, there seems to be no strong qualitative dif-
ference between the models with just bond and just stacking The authors have obtained financial support from the
energies. For all considered values of the energy parametergplkswagenstiftung(Germany within the program “Nach-
there exists an ordered low-temperature glassylike phasguchsgruppen an Universitaten.” The simulations were per-
characterized by the lack of self-averaging of the distributiorformed at the Paderborn Center for Parallel Computing in
of overlaps. Just the gquantitative behavior seems to deperfdermany and on a workstation cluster at the Institut fur
somehow on the energy contributions; i.e., a crossover mayheoretische Physik, Universitat Goéttingen, Germany. We
occur. It is still possible that these results are due to théhank E. Yewande for helpful remarks.

[1] The RNA World2nd ed., edited by R. F. Gesteland, T. R. Cech, (1999.
and J. F. Atkins(Cold Spring Harbor Laboratory Press, Cold [17] M. Miller, F. Krzakala, and M. Mézard, Eur. Phys. J.967

Spring Harbor, NY, 1999 (20083.
[2] P. G. Higgs, Q. Rev. Biophys33, 199 (2000. [18] M. Miller, Phys. Rev. E67, 021914(2003.
[3] R. Bundschuh and T. Hwa, Phys. Rev. Le88, 1479(1999. [19] R. Nussinov, G. Pieczenik, J. R. Griggs, and D. J. Kleitman,
[4] M. Zuker, Science244, 48 (1989. SIAM (Soc. Ind. Appl. Math. J. Appl. Math. 35, 68 (1978.
[5] J. S. McCaskill, Biopolymer9, 1105(1990. [20] R. Durhin, S. R. Eddy, A. Krogh, and G. MitchisdBiological
[6] I. L. Hofacker, W. Fontana, P. F. Stadler, L. S. Bonhoeffer, M. Sequence Analysi€Cambridge University Press, Cambridge,
Tacker, and P. Schuster, Monatsh. Chelfa5 167 (1994). England, 1998
[7] R. Lyngsg, M. Zuker, and C. N. S. Pedersen, Bioinformatics[21] K. Binder, Z. Phys. B: Condens. Matte3, 119 (1981).
15, 440(1999. [22] R. N. Bhatt and A. P. Young, Phys. Rev. Lefi4, 924(1985.
[8] T. Liu and R. Bundschuh, Phys. Rev. @, 061912(2004). [23] R. N. Bhatt and A. P. Young, Phys. Rev. B, 5606(1988.
[9] P. G. Higgs, Phys. Rev. Letf76, 704 (1996. [24] E. Marinari, C. Naitza, F. Zuliani, G. Parisi, M. Picco, and F.
[10] R. Bundschuh and T. Hwa, Phys. Rev.65, 031903(2002. Ritort, Phys. Rev. Lett82, 5175(1999.
[11] E. Marinari, A. Pagnani, and F. Ricci-Tersenghi, Phys. Rev. E[25] E. Marinari, C. Naitza, F. Zuliani, G. Parisi, M. Picco, and F.
65, 041919(2002. Ritort, Phys. Rev. Lett81, 1698(1999.
[12] A. Pagnani, G. Parisi, and F. Ricci-Tersenghi, Phys. Rev. Lett[26] H. Kawamura, Phys. Rev. LetB0, 5421(1998.
84, 2026(2000. [27] K. Hukushima and H. Kawamura, Phys. Rev. @, R1008
[13] A. K. Hartmann, Phys. Rev. Let86, 1382(2001). (2000.
[14] T. Liu and R. Bundschuh, e-print physics/0304108. [28] M. Matsumoto, K. Hukushima, and H. Takayama, Phys. Rev.
[15] R. Mukhopadhyay, E. Emberly, C. Tang, and N. S. Wingreen, B 66, 104404(2002.
Phys. Rev. E68, 041904(2003. [29] D. Imagawa and H. Kawamura, Phys. Rev. B, 144412
[16] I. Tinoco, Jr. and C. Bustamante, J. Mol. Bio293 271 (2004).

021913-8



DEPENDENCE OF RNA SECONDARY STRUCTURE ON. PHYSICAL REVIEW E 71, 021913(2009

[30] F. Matsubara, T. Shirakura, and S. Endoh, Phys. Re%4B  [33] F. Krzakala, M. Mézard, and M. Mdller, Europhys. Lef7,

092412(2001). 752 (2002.
[31] L. W. Lee and A. P. Young, Phys. Rev. Leti0, 227203  [34] A. Morales Gallardo, B. Burghardt, and A. K. Hartmapri-
(2003. vate communication

[32] F. Ritort and M. Sales, J. Phys. 83, 6505(2000.

021913-9



